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While synthesis strategies are well developed for energy integration 
and separation systems, relatively little work has been done in synthe- 
sizing reactor networks. This is due to the complex and nonlinear be- 
havior of the reacting system, coupled with the combinatorial aspects 
inherent in all synthesis problems. This paper provides a brief summary 
of work to date in this area, focusing on targeting approaches for 
reactor network synthesis. 
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As with energ!. iritegrcrtion, reactor netrrork targeting seeks to de- 
scribe the petfornrrrnce cf the network without its explicit construction. 
Once this descriptioti lias been obtained, CI nehvork is then determined 
that is griciranteed to match this target. To achieve these objectives, we 
rely on recent concepts of attainable regions mid extend these to simple 
optbni:atiori forniulations. With these.fot7iiulfitioris, network targets can 
be richiet*ed ,for isothermal and nonisothermal s y s t e m  with coniplex 
kinetics. 

Moreover, these optirni:ation fonnu1atioii.s can easily be coupled to 
other proc,cs.s systenis such as hear iritegrutiori mid separation se- 
quences. As ( I  result, they provide a frameirork ,for integrated process 
design. This strritegy is illustrated with detailed esaniples. Finally, lim- 
itations qf’ the current approach are siiimmri:ed mid topics ,for future 
wot-k (ire outlined. 

1. Introduction 

Synthesis of chemical reactor networks can be defined by the following prob- 
lem statement: 

Gii*en the rercction stoichiornetr?~ and rate laws, a desired objective and system 
cwistmints, rr3hnt is the optimal reactor network structure? What is the j h t ,  

pcrftern of this nehvork? Where should niixing or segregcitatioii occur in this 
network? Where should heating arid coolirig be applied in this network? 

Despite signiticant research, both in reactor modeling and analysis and in the 
design of specific reactors, relatively little work has been reported in reactor 
network synthesis. As noted in the process synthesis review of Nishida et ~ 1 1 .  

i I981 ), other areas of process synthesis. including heat integration and separa- 
tion synthesis, have advanced much more than reactor networks. Several reasons 
account for this. First. reacting systems are typically more difficult to model, 
and they generally have more diverse elements than energy or separation sys- 
tems. This is typified by an important (and expensive) experimental component. 
Moreover. given the resource constraints in process development, there is often 
little opportunity to find an optimal reactor network by developing a detailed 
reactor model or by investigating many possible alternatives. 

Nevertheless. as noted by Douglas (1988), the reactor system is often the 
heart of the chemical process. as it dictates the downstream processes (e.g., 
separation and waste treatment) and strongly influences both the recycle and 
separation structures as well as the energy network. Despite this, the general 
approach is to design the reactor system “in isolation” and then to design the 



CHEMICAL REACTOR NETWORK TARGETING AND INTEGRATION 249 

remaining subsystems. As will be seen in this paper, these “sequential” ap- 
proaches are clearly suboptimal, and large improvements in the overall process 
can be made through process integration. It is also hoped that these case studies 
will encourage the development of more detailed models for reactor targeting 
at the design stage. 

Previous work in reactor network synthesis can be summarized from various 
sources. First, most textbooks on reactor design (e.g., Levenspiel, 1962; Kramers 
and Westerterp, 1963; Froment and Bischoff, 1979; Fogler, 1992) present graph- 
ical and heuristic approaches that emphasize the effects of mixing for various 
reaction orders and heating for exothermic and endothermic reactions. These 
methods are then used to guide the selection of ideal reactors [e.g., plug flow 
(PFR) and continuous stirred tank (CSTR) reactors]. However, these approaches 
are usually limited to single reactions or simple seriedparallel cases. While these 
heuristics can also be applied to more complex problems, a quantitative evalu- 
ation of trade-offs is often required and considerably more effort is introduced 
if an optimal network is desired. 

Early studies that applied systematic optimization approaches can be classi- 
fied as optimal control studies and superstructure optimization. Studies based 
on the former include the use of adjoint variables and sensitivities by Horn and 
Tsai (1967), the development of adjoint networks for reacting streams by Jack- 
son (1968), and its extension to include CSTRs by Ravimohan (1971). Paynter 
and Haskins (1970) attempted to formulate the selection of CSTRs and PFRs 
through optimal controls for axial dispersion (ADR) models, and Waghmere and 
Lim (1981) related CSTRPFR selection to optimal profiles in batch and semi- 
batch reactor systems. Achenie and Biegler (1986) modified the approach of 
Jackson to use ADRs as well in order to aid in CSTRPFR selection. Later, they 
developed an optimal control formulation (Achenie and Biegler, 1988) based on 
transfer from segregated flow to maximum mixing compartments. In addition to 
these general network studies, there are numerous optimal control studies related 
to specific reactor systems (e.g., Glasser et al., 1987; Jackson, 1968; Dyson and 
Horn, 1967; Narasimhan, 1969). 

The structural optimization of superstructures can probably be traced to Aris 
(1961), who applied dynamic programming to a series of reactors. This approach 
was advanced and summarized by Hartmann and Kaplick (1990) and extended 
through optimization of serial recycle reactors by Chitra and Govind (1985). 
More efficient uses of nonlinear programming to solve superstructure problems 
were also developed by Pibouleau et al. (1988) and Achenie and Biegler (1990). 
Among the superstructure approaches, several studies by Kokossis and Floudas 
(1989, 1990, 1991) applied sophisticated mixed-integer nonlinear programming 
(MINLP) strategies to a large reactor network. Modeled as CSTRs or a series 
of sub-CSTRs that represented PFRs, this MINLP problem was capable of han- 
dling arbitrary kinetics for both isothermal and nonisothermal cases. In addition, 
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these authors demonstrated the interaction of this network with other parts of 
the process flowsheet. Finally, they also incorporated stability constraints within 
the MINLP problem in order to avoid the selection of unstable network 
structures. 

While these optimization-based approaches have yielded very useful results 
for reactor networks, they have a number of limitations. First, proper problem 
definition for reactor networks is difficult, given the uncertainties in the process 
and the need to consider the interaction of other process subsystems. Second, 
all of the above-mentioned studies formulated nonconvex optimization problems 
for the optimal network structure and relied on local optimization tools to solve 
them. As a result. only locally optimal solutions could be guaranteed. Given the 
likelihood of extreme nonlinear behavior, such as bifurcations and multiple 
\teady states, even locally optimal solutions can be quite poor. In addition, 
superstructure approaches are usually plagued by the question of completeness 
of the network. as well as the possibility that a better network may have been 
overlooked by a limited superstructure. This problem is exacerbated by reaction 
systems with many networks that have identical performance characteristics. 
(For instance. a single PFR can be approximated by a large train of CSTRs.) In 
most cases. the simpler network is clearly more desirable. 

For the above reasons, we instead develop in this paper an approach based 
on reactor network targeting. Here, we develop simplified optimization formu- 
lations that accurately predict network performance prior to their construction. 
This approach is based on geometric concepts for attainable regions (AR) of the 
reactor network initially developed by Glasser et al. (1987). In Section IT, we 
describe and summarize the geometric properties that relate to the attainable 
region. In Section 111. these are applied to develop optimization formulations 
for isothermal systems, and Section IV extends these formulations to noniso- 
thermal system. Sections V and VI then describe the integration of reactor tar- 
geting optimization problems with energy and separation systems, respectively. 
Finally, Section VII summarizes the paper and outlines areas for future work. 

II. Geometric Concepts for Attainable Regions 

For chemical reactor networks, the attainable region concept was first defined 
by Horn (1964), who noted that 

[Vjariables such as recycle flow rate and composition of the product form a 
space which in general can be divided into an attainable region and a non- 
attainable region. The attainable region corresponds to the totality of physically 
possible reactors. . . . Once the border is known the optimum reactor corre- 
sponding to a certain environment can be found by simple geometric 
considerations. 
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To illustrate this concept, consider the attainable region for the following 
series reaction: 

which can be defined in the space of concentrations for A and B as shown in 
Fig. 1. Here, we assume a fixed feed and initial temperature and trajectories that 
are determined entirely by the state equations for concentration. (This is true in 
steady state for isothermal or adiabatic systems.) With this attainable region, we 
clearly see that point F and the line segment GH represent the maximum con- 
centration of B and maximum selectivity of B to C, respectively. These can be 
achieved by the reactor networks needed to construct the attainable region 
boundary. Moreover, if a more complex objective represented in terms of C, 
and C, yields an interior optimum point, then again this point can be achieved 
by any linear combination of the boundary structures. 

We construct the attainable region by noting that the concentration space is 
a vector field with a rate vector (e.g., in Fig. 1, dC$dC, = R$R,) defined at 
each point. Moreover, we are not restricted to concentration space, but can 
consider any other variable that satisfies a linear conservation law (e.g., mass 
fractions, residence time, energy, and temperature-for constant heat capacity 
and density). The attainable region is an especially powerful concept; once it is 
known, performance of the network can often be determined without the net- 
work itself. 

More recently, Glasser et al. (1987) developed geometric properties of the 
attainable region along with a constructive approach for determining this region. 
They defined the necessary conditions for the attainable region as follows: 

(1) The attainable region (AR) must be convex. Any point created by a linear 
combination of two points in the AR must be in the AR, as.it can be 

Ce 1 

C A  

FIG. 1 .  Attainable region in concentration space. 
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created by mixing these two points. Moreover, this property ensures that 
the AR cannot be extended by further mixing. 

( 2 )  No reaction vector in the AR boundary can point out of the AR. If this 
were the case, the AR could be extended further by PFR reactors, which 
have trajectories that are always tangent to the rate vectors. 

(3) No reversed reaction vector in the complement of the AR can point back 
into the AR. Note that a CSTR can be represented in the AR by a line 
with ends at the feed and outlet concentrations, with the rate vector at 
the CSTR outlet collinear with this line. Thus, this condition ensures that 
the AR cannot be extended further by a CSTR. 

These properties hold for all dimensions and are, in fact, stronger than the simple 
exclusion of CSTRs, PFRs, and mixing. Hildebrandt (1989) proved that an AR 
closed to further extension by PFRs and CSTRs is also closed to extension by 
recycle PFRs (RRs) as long as the AR is not constrained in concentration. Hil- 
debrandt et ai. (1990) also showed how these properties could be applied to 
systems with nonconstant densities and heat capacities. 

These concepts can also be shown to apply to the more general case where 
the reacting system is described by 

where C,, is an arbitrary concentration and q(7) represents the sidestream flow- 
rate. In addition to the limiting cases of PFRs (q = 0), CSTRs (dC/d7 = 0), 
and pure mixing ( q  = x ) .  we can also consider differential sidestream reactors 
(DSRs). the maximum mixed case discussed by Zwietering (1959). Finally, Hil- 
debrandt and Feinberg (1992) have shown that the AR itself consists of PFR 
surfaces and straight-line segments. If the intersection of these surfaces and 
straight lines-called a cotznector-is smooth. it defines a DSR with a feed point 
at Cf). 

I f  the problem can be modeled in two concentration dimensions, the con- 
nector is simply a point and this line-surface intersection can be represented by 
a simple CSTR at C(,. Thus, DSRs are not necessary for the construction of a 
two-dimensional AR. In fact, two-dimensional systems allow for a straightfor- 
ward algorithm for the construction of the AR, based on tracing alternating PFR 
and CSTR trajectories until the necessary conditions are satisfied. Here, we 
begin with a PFR trajectory from the feed point and trace it to its equilibrium 
point. Any nonconvexities in the region are then filled in with straight-line seg- 
ments to form a convex hull. If any rate vectors point out of the straight line 
segments, we know that the AR can be extended by a CSTR; we thus find a 
CSTR with feed on the PFR trajectory that extends the AR the most. Any 
nonconvexities in this trajectory are again filled in with line segments, and we 
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continue until there are no further rate vectors pointing out from the straight- 
line segments. From the outlet of the (boundary) CSTR, we then trace the PFR 
trajectory to its equilibrium point, continue to fill in nonconvexities, and apply 
the above steps until the necessary AR conditions are satisfied. 

Glasser et al. (1987) and Hildebrandt et al. (1990) demonstrated this two- 
dimensional approach on a number of small reactor network problems, with 
better results than previously reported. Moreover, Omtveit and Lien (1993) were 
able to consider higher-dimensional problems as well through projections in 
concentration space that allow a complete two-dimensional represention. These 
projections were accomplished through the principle of reaction invariants (Fjeld 
et al., 1974) and the imposition of system specific constraints. 

For three dimensions, the AR construction algorithm is similar to the one 
described above-with the added possibility that we can find a (one-dimen- 
sional) connector on the AR that is described by a DSR. Glasser et al. (1992) 
defined conditions under which DSRs appear on the AR along with a direct 
method for finding the feed addition rate, q. While the conditions for DSRs 
appear to occur infrequently, examples have been constructed in the space of 
conversion, temperature, and residence time where the DSR was a prominent 
part of the AR. Nevertheless, Hildebrandt and co-workers conclude that most 
ARs will consist only of CSTR and PFR surfaces. In dealing with n-dimensional 
problems, Hildebrandt and Feinberg noted that the AR boundary is defined by 
line segments and PFR trajectories, with at most n structures needed to define 
a point on the AR boundary and n + 1 structures needed to define an interior 
point of the AR. Thus, for three-dimensional problems, at most three parallel 
structures (PFRs, CSTRs, DSRs) are needed to define any AR boundary 
point. 

Finally, the AR concept can be extended beyond regions that are closed to 
further mixing and reaction. Godorr et al. (1994) have also considered multirate 
processes where, for example, a mixture of catalysts will lead to a superposition 
of two separate reaction mechanisms. These authors also considered operations 
of mixing, condensing, and boiling as well as separation coupled with reaction. 
Here, they modified the concept of connectors to accommodate multiple rates 
and hence create more appropriate attainable regions. However, the graphical 
procedure for constructing ARs has limitations beyond three dimensions, as it 
requires an inspection of all the boundary points. Thus, the attainable region 
concepts need to be combined with more powerful, higher-dimensional search 
procedures. Hildebrandt and Biegler ( 1994) presented a discussion of these con- 
cepts and the role of optimization formulations for higher-dimensional search 
and for integration of the reactor targeting procedure with other process sub- 
systems. In the next sections we further develop and review these AR optimi- 
zation formulations, based on the recent work of Balakrishna and Biegler 
(1992a, 1993). 
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Ill. Reactor Network Synthesis: Isothermal Systems 

In this section, we develop a simple and efficient formulation for target-based 
reactor synthesis for homogeneous, constant-density reacting systems. As de- 
scribed in Section I ,  previous superstructure and target-based approaches have 
many limitations. In superstructure-based approaches, the solution is only as 
rich as the superstructure chosen; moreover, these approaches usually suffer 
from local and nonunique solutions which are characteristic of reactor networks. 
By combining AR concepts and optimization formulations, we instead create 
targets for this network through the solution of simple optimization problems. 
Unlike the geometric approach to finding an AR, optimization approaches, in 
principle. do not have a dimensionality limitation. 

A. THE SEGREGATED-FLOW APPROXIMATION 

Given the reaction stoichiometry and rate laws for an isothermal system, a 
simple representation for targeting of reactor networks is the segregated-flow 
model (see, e.g., Zwietering, 1959). A schematic of this model is shown in Fig. 
2 .  Here, we assume that only molecules of the same age, t, are perfectly mixed 
and that molecules of different ages mix only at the reactor exit. The perform- 
ance of such a model is completely determined by the residence time distribution 
function, At). By finding the optimal At) for a specified reactor network objec- 
tive, one can solve the synthesis problem in the absence of mixing. 

The isothermal formulation for maximizing the performance index in segre- 
gated flow is given by 

Max J(X,,,,, 7 )  
fltt 
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Xexit qaq- 
FIG. 2. Segregated-flow model. 

Here, Xseg is the dimensionless concentration vector (normalized, e.g., by a feed 
concentration), R(X) is the corresponding rate vector, and Xexit is the dimen- 
sionless output concentration of the segregated flow system with a residence 
time T. We allow the objective function, J ,  to be specified by the designer as 
any function of Xexit and T.  One can see that the differential equation system 
can be uncoupled from the rest of the model and solved offline if the dimen- 
sionless feed concentration, Xo, is prespecified. Once the vectors Xseg are deter- 
mined, we merely solve forf(t), which satisfies an additional set of linear con- 
straints. If Gaussian quadrature on finite elements is applied to the above model 
over the domain [O, tmaX], we get 

Max J(Xexit9 7) 
4i. j  ) 

where 

i = Index set of finite elements 
j = Index set of Gaussian quadrature (or collocation) points 

Av, = RTD function at jth quadrature point in ith element (point [ij]) 
Xseg(j,J) = Dimensionless concentration at point [i,j] 

w, = Weights of Gaussian quadrature 
AaI = Length of ith finite element (fixed) 

It is clear that the above formulation is linearly constrained in hi,,> and the 
solution of (P2) gives us a global optimum in segregated flow for any concave 
objective function. Moreover, we can reduce this problem to a linear program 
for both yield and selectivity objective functions by applying suitable transfor- 
mation techniques (Balakrishna, 1992). Then we can solve the problem by any 
linear programming algorithm. 

The solution to this problem provides a good lower bound for the targeting 
problem. Also, the segregated flow model is often sufficient for the reactor 
synthesis problem. The solution to this simple formulation thus could be chosen 
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to represent the first stage in an iterative synthesis approach. Before constructing 
this procedure. we first develop conditions under which the segregated-flow 
model is itself sufficient for the reactor synthesis problem. 

B. Sl’FFICiENCY CONDITIONS FOR SEGREGATED-FLOW NETWORKS 

The segregated-flow model described by (P2) forms a basis to generate an 
AR. We now develop conditions for the closure of this space with respect to 
the operations of mixing and reaction by means of a PFR, a CSTR, or a recycle 
PFR (RR). Consider the region depicted by the constraints of (P2). Our aim is 
to develop conditions that can be checked easily for the reaction system in 
question so that, if these conditions are satisfied. we need to solve only (P2) for 
the reactor targeting problem. We will analyze these conditions based on PFR 
trajectories projected into two dimensions. Here, a PFR, which is an n-dimen- 
sional trajectory in concentration space and parametric in time, is generated by 
the solution of the initial value differential equation system in (PI). Figure 3 
illustrates a PFR trajectory and its projections in three-dimensional space, where 
the solid line represents the actual PFR trajectory and the dotted lines represent 
the projected trajectories. 

Consider a reaction system consisting of a set of components i = 1, 2, ..., n. 
Associated with each is a reaction rate r,. Let I = ( i )  denote the complete set 
of reacting species. This set can be further classified into 

I ,  = ( a )  = { a  E I :  r,, 5 0 )  

I2 = (j) = { j  E I : Ti 2 0) 

I3 = { k }  = { k  E I :  r, >.< 0)  

X 

FKi. 3. An example of a PFR trajectory (solid line) and its projections (dotted lines). 
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In the most common case, our objective function is an explicit function of 
elements of 13, which represent products of the reacting system. For complete- 
ness of segregated-flow systems, we are able to state the following properties, 
which are proved in Balakrishna and Biegler (1992a): 

Property 1. If the projected (onto R2) PFR trajectories are such that {Xi : i 
E I , ,  13} encloses a convex region with respect to any element of { X ,  : a E I ,  ) 
and no two PFR projections meet within the bounds of possible concentrations, 
then none of these projected (two dimensional) spaces can be extended under 
the operations of mixing, additional PFRs/CSTRs/RRs, or any combination of 
these. This convex region implies that the projected cuwe is a concave function, 
a2xjiax,2 I 0. 

Corollary 1. For any system that satisjes the conditions of Property I ,  any 
reactor starting from the projected space will have an outlet concentration such 
that 

where AXl is the change in concentration of component i accomplished by the 
reactor, AX, is the corresponding change in the concentration of A, and rlo and 
ru0 are reaction rates at the reactor inlet. 

On the other hand, if the X ,  vs. X u  curves are convex (a2X/ex,’ 2 0) but still 
satisfy the condition that no two PFR projections meet, then the inequality above 
is reversed. 

At this point, the utility of this property with respect to (P2) deserves atten- 
tion. A careful look at P2 reveals that the shaded region in the projected space 
(for example, the X,-X, space) is exactly the projection on the X,-X, space of 
the feasible region of P2. The concave PFR projection defines the concentrations 
in segregated flow, and the interior is a convex combination of all boundary 
points created by the residence time distribution function. This gives a new 
interpretation to the residence time distribution as a convex combiner. For any 
convex objective function to be maximized, the solution to the segregated flow 
model will always lead to a boundary point of the AR. 

Since we have closed-form expressions for the rate equations that form the 
tangents to the trajectories in concentration space (although we do not have 
closed-form expressions for the trajectories themselves), checking for concavity 
of the curves is easy. However, it is clear that we require certain convexity 
properties among the projections; i.e, we need to know a priori whether certain 
projected regions are convex. This task can be simplified by developing certain 
properties for mutual convexity in the reacting system. 

Property 2. Ifthe projection of any element of (4) vs. {Xu) defines a convex 
cuwe and the projection of any element of { X k }  vs.(X,} defines a concave 
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curve. then the projected cun’es of { X i }  IS. { X , )  are concave up to the stationary 
point in this projection, and this stationary point is unique if the X,-X, projected 
cume is strictlv concave. 

Corollary 2. l f  the projection., o j  { X,}  1’s. { X u )  define concave curves and the 
projections c?f { X ,  ) 11s. { X, , }  define concave trajectories, then the projected 
cun1e.s of { X , )  1’s. {X , )  are concave beyond the stationary point in this projec- 
tion, and this stational?! point is unique if the Xk-X, projected curve is strictly 
conca 1 ie. 

C. OPTIMIZATION FORMULATIONS FOR REACTOR SYNTHESIS 

The properties described above enable us to identify the nature of different 
projections and can be very useful, as shown in the example problems (Section 
1II.D). It is essential to note, however, that Property 1 is only a sufficient con- 
dition, but not always necessary. In other words. the segregated-flow model can 
be optimal even if these conditions are not satisfied. If the segregated-flow re- 
gion (for P2) is not sufficient, we generate optimization formulations for ex- 
tending this region, by superimposing various reactors on the region provided 
by the linearly constrained formulation. The main idea for this approach is 

Given i i  cancliilate ,for the AR. can extensions to this region be generated? r f  
yes, then create the extension and, on its convex hull, check for  further exten- 
sioiis that improve the objective firriction. This procedure is continued until there 
are no extensions that improve the objective fitnction. 

The main insight in  this approach is that the residence time distributions 
(RTDs) lead to convex combinations and the region enclosed by the segregated 
flow model is always convex. The aim now is to develop an algorithm by which, 
given a candidate for an AR, we should be able to check whether it can be 
extended to our advantage. Here, we restrict ourselves to PFR, RR, and CSTR 
extensions only. 

Consider the feasible region from (P2), a convex combination of the concen- 
trations i n  segregated flow. as the first candidate for the AR. Each combination 
of the RTDs and the concentrations gives a unique point in the feasible region. 
The following subproblem can also be embedded within (P2) in order to check 
whether, starting from any feasible point, a reactor can provide an extension 
that gives a point outside of the region of P2. Here. we consider a recycle reactor 
extension, since i t  includes the PFR and CSTR extensions as special cases. 
Strictly speaking, recycle reactors do not form the boundary of an attainable 
region (Hildebrandt. 1989) as any AR extended by an RR can also be extended 
by a CSTR in  the absence of constraints. Nevertheless, we use the RR formu- 
lation to simplify the algorithm. Additional formulations for purely CSTR or 
PFR extensions can also be developed along the same lines. 
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Recycle Reactor (RR) Extension: If J,, > Jp2, then the recycle reactor provides 
an advantageous extension to the AR. 

- -  dxrr - R(X,,) 
d t  

ReXexit + X P ~  x,, ( t  = 0) = 
Re + 1 

where 

J,, = Objective function at the exit of the recycle reactor extension 
X,, = Dimensionless concentrations within the RR extension 
Re = Recycle ratio 

fr = Linear combiner of all the concentratiops from the plug flow section 

Xexit = Vector of reactor exit concentrations 

of the recycle reactor 

The first equation describes the concentrations available from segregated flow. 
The model equations for a recycle reactor starting from any feasible point are 
described by the second and third equations. The fourth equation gives the 
concentration at the exit of the recycle reactor. Here, the vectors 1 and u are 
lower and upper bounds, respectively, on the exit concentration vector. Thus, if 
J,, > Jp2, then the recycle reactor provides an advantageous extension over (P2). 

In addition, if any of the projections Xi vs. XJ 0' E Z2)  are concave and if we 
wish to eliminate searching in the interior of these projections, we can always 
include the following inequality, which arises out of geometric arguments (Cor- 
ollary 1): 
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Find updated variables 
and objective using a 
suitable model. 

4 
J 

5 \ 
F m  new convex hull of 
concentrations 

J 27 i = i+l 

It is important to note that CSTR/PFR/RR extensions can be applied to any 
convex candidate region, not just the one defined by (P2). The residence time 
distribution can be used to generate the convex candidates. A sequence of convex 
hulls can be generated until the conditions for completeness are satisfied (i.e., 
there are no further extensions). The synthesis flowchart shown in Fig. 4 illus- 
trates these ideas. In the algorithm, we initially check the possibility of global 
optimality for (P2). If this solution is suboptimal, a more complex model can 
be solved to give an updated optimal solution. Thus the new or updated convex 

1 
Sdve LP formulation 

Are conditions for LP 
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hull based on the new concentrations can be generated, and the following sub- 
problem, which represents Box 3 of the flowchart, can be solved. 

Max JWexit) 
Re3 4 i j Y  fmodel(k) 

dx,, = R(X,,) 
dt 

R e  Xexit + Xupdate X(t = 0)  = 
Re + 1 

Xupdate = c h i j )  Xseg (Lj) + c fmodel(k$model(k) 
i j  k 

In this formulation, Xmodel(k) is a constant vector and reflects the concentration 
at the exit in the models previously chosen. A convex combination of this with 
the segregated-flow region described by (P2) gives the fresh feed point for the 
recycle reactor we are looking for, &&,date. Then X,,,, represents the concentration 
at the exit of the recycle reactor; and if J(XeX,J > J(Xmo&](k)), the earlier model 
chosen is insufficient. The control variables essentially are the f ’ s  and fmodel(k)r 

which are the linear combiners used to provide a convex candidate. A careful 
look at the formulation reveals that we are checking for completeness of the 
convex hull of the region found by the model. 

Figure 5 gives a geometric interpretation to the solution of (P4). Here, if the 
solution of (P4) indicates that the objective function can be improved by ex- 
tending the AR, e.g., based on segregated flow, we consider a more complex 
model. Thus, the expression for Xupdate automatically includes all the points in 
the convex hulls attained so far by previous recycle reactor extensions, and this 
region can be made up of the segregated-flow model as well as favorable recycle 
reactor extensions from previous solutions of (P4). We continue to check for 
extensions and terminate when there are no further extensions that improve the 
objective function. Note that with this approach, the algorithm allows the reactor 
network to be synthesized readily. It is also clear that this approach shares many 
characteristics with the geometric approach of Glasser et al. (1987). An impor- 
tant difference is that their approach searches for all possible extensions of 
candidate ARs and requires checking of an infinite number of points on the 
convex hull. 

Our approach, on the other hand, automatically finds only those extensions 
that improve the objective function. Since it is an optimization-based approach, 
it is not limited, in principle, by problem dimensionality or the addition of 
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t b update 

\ X 

SEG FLOW REGION 

Xmodel(, ~ : Solution to first reactor extension from segregated flow. 

'update 
: Reactor Extension from combined hull of segregated flow and Xmodel(, ~ 

FIG. 5 .  Extension of the convex hull (P4). 

constraints, as will be demonstrated by the examples in the next section. We 
also note that because problems (P2) and (P4) are relatively small and simple 
optimization problems. AR solutions can be found very quickly. 

One potential disadvantage to our optimization formulations, however, is that 
a particular extension that does not improve the objective function may still 
enlarge the AR enough so that a point from within this extension can improve 
the objective function beyond what we started with. This nonmonotonic increase 
in the objective is a limitation of the proposed approach. Also, we note that 
even though the attainable space of concentrations is always convex, (P4) is not 
necessarily a convex nonlinear program and therefore will not necessarily find 
the global optimum that we are seeking. However, termination at local optima 
is not always serious because the solution of (P2) usually yields an excellent 
starting point for (P4). (Also, multiple starting points could be tried to improve 
the likelihood of finding a global optimum for (P4).) 

D. EXAMPLE PROBLEMS 

We conclude this section with four example problems to illustrate our ap- 
proach. The first problem satisfies the sufficiency conditions for segregated flow 
and is easily addressed by our approach. The second and third examples do not 
satisfy these properties but are readily solved by the algorithm of Fig. 4. Finally, 
the fourth example illustrates the difference between our optimization formu- 
lation and the geometric approach of Glasser et al. Several additional problems 
are also considered in Balakrishna and Biegler (1 992a). with results superior to 
those presented in other articles. 
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Example 1. The isothermal van de Vusse (1964) reaction involves four species 
for which the objective is the maximization of the yield of intermediate species 
B, given a feed of pure A. The reaction network is given by 

A > B - $ C  
kl  1 

D 

Here, the reaction from A to D is second-order. The feed concentration is cA0 = 

0.58 moVliter and the reaction rates are kl = 10 s-', k2 = 1 ,  s-l and k3 = 1 
liter g-mol-' s-'. The reaction rate vector for components A, B, C, and D, 
respectively is given in dimensionless form by: 

R(X) = [-lox, - 0.29Xi9 lox, - XB, XB, 0.29Xi] 

where XA = C,/CA, , XB = C,/CAO, and CA, CB are the molar concentrations 
of A and B, respectively. The objective function is the yield of component B. 
Following the algorithm in Fig. 4, we find that the solution of (P2), which is 
an LP, gives a globally optimal reactor network. This is because the reaction 
kinetics satisfy the conditions in Property 1 (i.e., the XB vs. XA curves are con- 
cave). The verification of concavity is simple, because we just have to verify 
the monotonicity of the slopes, given in closed form for the reactor synthesis 
problem. Here, the slope of the PFR trajectories in XB vs. XA space is just given 
by Rate(B) / Rate(A), and a simple program to find the maximum of the second 
derivative can be solved. The optimal value of the objective function is given 
by Fgt = 0.7636. This is the globally optimal solution and can be realized by 
a PFR with a residence time of 0.288 s. A brief comparison with results from 
the literature is presented below: 

Study Yield Residence Time 

Chitra and Govind (1985) 0.752 0.2551 
Achenie and Biegler (1986) 0.753 1 0.2965 
Achenie and Biegler (1988) 0.757 0.2370 
Kokossis and Floudas (1990) 0.752 0.2539 
(P2) LP formulation 0.7636 0.2880 

The results from the different approaches are nearly the same and differences 
could be attributed to numerical solutions of the PFR equations. The slightly 
better objective function predicted by the LP formulation may be due to a better 
approximation procedure when these differential equations are solved offline. 

Example 2: The Trambouze reaction (Trambouze and Piret, 1959) involves 
four components and has the following reaction scheme: 
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where the reactions are zero-order, first-order and second-order, respectively, 
with k ,  = 0.025 mol liter-' m i f ' .  kl = 0.2 min-', k3 = 0.4 liter mol-' min-I. 
We wish to maximize the selectivity of C to A defined by X, / (1  - XA). Here 
the conditions of (P2) optimality are not satisfied; following the stagewise ap- 
proach, we arrive at a CSTR extension from the feed point of the segregated- 
flow model. indicating a single CSTR with a selectivity of 0.5 and residence 
time of 7.5 s. No further extensions are observed by solving (P3). Achenie and 
Biegler (1990) observe a selectivity of 0.4999 in a two-CSTR combination. 
Kokossis and Floudas (1990) report many optimal networks to this problem 
with the same objective function of 0.5; Glasser et al. (1987) observe that this 
problem has an infinite number of optimal solutions with a selectivity of 0.5 in 
a CSTR with variable bypass. 

Example 3: The a-pinene problem is a reaction network that consists of five 
species and has the following reaction network: 

* E  
A ,  

A 

A. i, 

The objective function here is the maximization of the selectivity of C over D, 
given a feed of pure A. 

The reaction vector for the components A, B, C, D, and E. respectively, is 
givcn by 

R ( X )  = [-kl + k:)X,  - 2kjX;,2.  -kah + k&~, kgXa2 k+&' 

- k7Xc. k ~ x ,  + k J h  - k+& - 2k4xd' + 2k7Xc,  klX,] 

where X ,  = C,/C4,, and C;,,) = 1 mol/liter: k ,  = 0.33384 s- ' ,  k ,  = 0.26687 s-I, 
k3 = 0.14940 s-'. X-4 = 0.18957 liter mol-' s-'. k4 = 0.009598 liter mol-' 
s . X,, = 0. 39435 s ~ ' .  k7 = 0.011933 s-'. 

This problem was solved by applying formulation (P2). Interestingly, the 
RTD always settles at the upper bound in the time horizon. Thus, we may infer 
that the selectivity in this problem increases monotonically with age within the 
segregated flow model. For instance. the selectivity obtained with a fmax of 
60 s was 1.38. While this approach does not reveal the entire AR. this example 
corroborates some of the strengths of a target-based perspective that we men- 
tioned earlier. Xchenie and Biegler ( 1988) arrived at an optimal selectivity of 
0.2336 by placing a bound on the residence time of 6 s. Koko 
( 1990). using a superstructure-based approach, arrived at a complex network of 

- 1  
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a CSTR and a PFR (represented by sub-CSTRs) with recycles and intermediate 
feeds to get a maximum selectivity of 1.4020. Moreover, (P2) (an LP in this 
case) is based on a finite approximation to an infinite residence time domain. 
Thus, from the solution to our targeting model, it is easy to detect monotonicities 
in the objective function. 

Example 4: Here, we revisit the van de Vusse reaction of Example 1 with 
altered rate constants. The objective function again is the yield of intermediate 
species B. The rate vector is given by R(X) = [-X, - 20Xi, X, - 2XB, 2XB, 
20Xi1. In this case, the segregated-flow model gives a yield of 0.061. However, 
the sufficiency conditions for the LP formulation are not satisfied. Using our 
optimization formulation with recycle reactor extensions (P3), we observe a B 
yield of 0.069. Our network corresponds to a recycle reactor from the feed point 
(recycle fraction = 0.772; residence time in the plug section of RR = 0.1005 
s) in series with a PFR with a residence time of 0.09 s. Glasser et al., on the 
other hand, report a yield of 0.071 with a graphical approach. The lower yield 
obtained in this example can be attributed to a nonmonotonic increase in the 
objective, as mentioned earlier. It is interesting to note that if we apply the 
multicompartment approach of Achenie and Biegler (1988) to this problem, a 
yield of 0.0705 is obtained. 

IV. Reactor Network Synthesis: Nonisothermal Systems 

In this section, we develop a formulation for the synthesis of nonisothermal 
reactors, based on the isothermal targeting approach proposed in Section 111. 
The targeting model is based on mixing between different reacting environments 
and is formulated as a dynamic optimization problem, where the temperature, 
the feed distribution function, and an exit flow distribution function are the 
control profiles. The optimization procedure results in the sequential solution of 
small nonlinear programming problems, where the solution to each NLP gen- 
erates a component of the reactor network. This provides a constructive tech- 
nique for the target-based synthesis of nonisothermal reactor networks for any 
general objective function and process constraints. 

A. NONISOTHERMAL MODEL FORMULATION 

The targeting model for nonisothermal reactors derives much of its motiva- 
tion from the targeting methodology described in the previous section. There, 
the only control profiles are the mixing functions (RTD) and we assumed that 
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mixing does not involve additional costs. In the case of nonisothermal systems, 
however, temperature is an added profile and we must consider the cost of 
maintaining this profile. One rather inexpensive technique for exothermic re- 
actions is cold-shot cooling. However, mixing may not always be optimal in the 
space of concentrations, even if it is desirable in terms of temperature 
manipulation. 

We therefore consider a different reaction flow model as our basic targeting 
model-ane that can address temperature manipulation by feed mixing as well 
as by external heating or cooling. The model consists of a differential sidestream 
reactor (DSR), shown in Fig. 6, with a sidestream concentration set to the feed 
concentration and a general exit flow distribution function. (As mentioned in 
Section 11, the boundary of an AR can be defined by DSRs for higher-dimen- 
sional (2 3 )  problems). We term this particular structure a CTO.YS-JEOM~ reuctor. 
By construction, this model not only allows the manipulation of reactor tem- 
perature by feed mixing, but often eliminates the need to check for PFR 
extensions. 

Figure 6 shows a schematic of a cross-flow reactor (CFR) with side exits, 
which we choose as our basic targeting model. Here, X ,  is the dimensionless 
concentration of the feed entering the reactor network, a is the independent 
variable denoting time as it progresses along the length of the reactor, and T(a)  
denotes the temperature as a function of the reactor length. We define,f(ol) da 
as the fraction of molecules in the reactor exit that leave between points a and 
a + 6a of the reactor (an exit flow distribution function), and q(a) as the 
probability density function for a molecule entering the system at point a in the 
reactor. Thus the number of molecules entering between points a and a + d a  
is given by q(a)Qo dol, where Q, is the flow rate entering the reactor network. 
Implicit in the formulation is the assumption of instantaneous mixing between 
the feed and the mixture in the reactor. In addition, the formulation can easily 
be extended for variable-density systems, although we consider only constant- 
density systems in this study. 

x o  Xexit 

FIG. 6. General cross-flow reactor model 
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Clearly, at one extreme-when q(a) is zero throughout the reactor and we 
have a genera1fla)-we have the equations for a segregated-flow model. On 
the other extreme-whenfla) is a Dirac delta exactly at one point and we have 
a general nonzero q(a)-this model reduces to the Zwietering (1959) model of 
maximum mixedness. Also, we define Q(a) as the flow of molecules at point 
a. Based on this nomenclature, a differential mass balance on an element A a  
leads to 

and with this governing equation in a cross-flow reactor, the mathematical model 
for maximizing the performance index in cross flow can be derived as follows: 

M a  J(Xexit9 7)  
q(a),f(a).T(a) 

= 1 [q(a') - f (a ' ) ]  da' 
Qo 

[ [ [q(a') - f (a ' ) ]  da' da = T 

Here, the last two equations define the flow rate and the mean residence time, 
respectively. This formulation is an optimal control problem, where the control 
profiles are q(a), fla), and T(a). The solution to this problem will give us a 
lower bound on the objective function for the nonisothermal reactor network 
along with the optimal temperature and mixing profiles. Similar to the isothermal 
formulation (P3), we discretize (P6) based on orthogonal collocation (Cuthrell 
and Biegler, 1987) on finite elements, as the differential equations can no longer 
be solved offline. This type of discretization leads to a reactor network more 
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practically achievable than the schematic shown in Fig. 6 with a finite number 
of mixing points. 

In the finite-element discretization, the subscript i denotes the ith finite ele- 
ment, and the subscript j (or k )  denotes the jth (or kth) collocation point in any 
finite element. There are a total of N finite elements and K collocation points (i = 

1. N ;  j = 1, K).  The state variable X is approximated over each finite element by 
Lagrange interpolation basis functions (L I (a ) )  as: 

K 

~ ( a )  = c x,,L,(~) for 5 a 5 a,+I,O 
h -0 

and 

Substitution of this into (P6) leads to the following nonlinear program, the so- 
lution of which gives us the optimal control variables at the collocation points. 

Max JCXcx,,, 7) 
@,. fu. r, 

C Xik L~' (cx , )  - R ( X b  T;,) Aa;  = 0 

X ( 0 )  = X,,  

j = 1, K 
k 

Xiend = C xi, ~k(ai+l) 
k 

fJ 

o r 4 , < 1  

where 

L;(a,) = Derivatives of the Lagrange basis polynomials evaluated at a, 
6, = Ratio of the side inlet flow rate to the bulk flow rate within the reactor 

after mixing before element i 
Aa, = a,+ I ,I) - a,,", the length of each finite element i 
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Aj = Exit flow distribution at collocation point j in element i (point [ij]) 
qij = Fraction of inlet flow entering at [i,J 
To = Temperature at [i,j] 
Xi j  = Dimensionless concentration at [ijl 

Note that 6; in this model is an approximation to 

Xiend = Concentration at end of ith finite element 

and the equations in (P7) result from collocation applied to the differential equa- 
tion model and Gaussian quadrature applied to the integral expressions. For 
convenience, the quadrature weights are absorbed into the respective discretized 
variables in the integration. Figure 7 is a schematic of this discretization. 

Balakrishna (1992) has shown that if the finite elements (AaJ  are chosen 
sufficiently small, then (P7) simply reduces to a numerical scheme for solving 
(P6). Thus (P6) can now be solved as a nonlinear program to obtain the optimal 
set of$ T, and 6 over each element. In this model, even though the temperature 
along the reactor is a control variable, part of the temperature manipulation can 
be readily accomplished by feed mixing if this is optimal for the reactor. In 
addition, the cross-flow reactor, by construction, mixes all available points on 
the reacting segments with the feed point, thus continuously checking for PFR 
extensions as long as the PFR trajectories are such that their nonconvexities can 
be enveloped from the feed point. These mixed points correspond geometrically 
to convex hulls; and since PFRs are already generated from these, there is often 
no need to check for the PFR extensions from the solution to the cross-flow 
reactor model. 

B. REACTOR EXTENSIONS 

The solution to (P7) provides a lower bound to the performance index of the 
reactor network. In the case of purely isothermal reactors, we derive theoretical 

+ Reacting Segment Segment 

i 

fi,l fi,3 
v t  

To reactor exit 

FIG. 7. Feactor representation for discretized cross-flow reactor model. 
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conditions of sufficiency for the segregated-flow model as in Section 111, and 
we have checks for favorable extensions from the segregated-flow model, which 
are formulated as nonlinear programs. These results apply directly if the tem- 
perature profile can be related to the concentration profile (e.g., adiabatic reac- 
tors). However, more general nonisothermal reactors do not lend themselves to 
easy analysis owing to the assumption of a completely arbitrary temperature 
profile. Nevertheless, by applying the optimization formulations detailed in Sec- 
tion 111, we can now develop techniques for extending the target provided by 
the CFR model. The constraints of (P7) define the feasible region for any achiev- 
able cross-flow reactor. The convex combination of all the concentrations in this 
region provides the entire region attainable by the cross-flow reactor and mixing, 
which corresponds to the first candidate for the AR. Based on the convex hull 
extensions illustrated in Section 111, the following subproblem can be solved to 
check whether a reactor can provide an extension to the candidate AR. Here, 
we again consider a recycle reactor extension, since it includes the PFR and 
CSTR extensions as special cases. In the nonisothermal recycle reactor, we as- 
sume that the temperature is a control profile along the length of the plug flow 
section of the recycle reactor. The inlet temperature to the reactor that constitutes 
the extension will also follow a convex combination rule if intermediate heating 
or cooling is not permitted. 

Recycle Reactor (RR) Extension: If J,, > Jp7. then the recycle reactor provides 
an advantageous extension outside of A. 

G L l t  + xp7 XJr = 0) = 
R, + 1 
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Here, J ,  is the value of the objective function at the exit of the recycle reactor; 
.Iw is the value of the objective obtained from the solution of (P7). A, is the 
convex combiner of all points available from the CFR model. The variables X, 
and Re represent the concentrations in the recycle reactor extension and the 
recycle ratio, respectively. Xexit is the vector of exit concentrations from the RR 
reactor. fr is a linear combiner of all the concentrations from the plug flow 
section of the recycle reactor. 

The next iteration consists of creating the new convex hull of concentrations, 
which include the concentrations obtained by this extension, and checking for 
favorable recycle reactor extensions from this new convex hull. At iteration P, 
this involves the solution of the following nonlinear programming problem: 

Re Xexit + Xupdate x,, ( t  = 0) = 
R, + 1 

P 

Here, &,&I@) is a constant vector and reflects the concentration at the exit 
at iteration p in the models previously chosen. A convex combination of this 
with the cross-flow region described by (P7) gives the fresh feed point for the 
recycle reactor we are looking for, Xu,,. Xexit then represents the concentration 
at the exit of the recycle reactor; and if #‘+I) > d‘’, the earlier model chosen 
is insufficient. The control profiles are V; fmodel@)] and T,,, which are the linear 
combiners used to provide a convex candidate and the temperature profile in 
the recycle reactor, respectively. This procedure is repeated until no improve- 
ment in the objective function is observed. Figure 8 illustrates the flowchart for 
the synthesis procedure. 

It is easy to see that with this approach, the reactor network is synthesized 
readily. Also, because of its stagewise nature, only the simplest reactor model 
needed is solved. In fact, for many problems, the solution is obtained through 
just one iteration of the flowchart in Fig. 8, mainly because the variable tem- 
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Fic;. 8. Flowchart for reactor 5ynthesis. 

perature profile allows such a large area for the AR. It can be shown that this 
algorithm will converge to the optimal solution as long as norzmonotorzic exten- 
sions to the AR are not encountered (as in Example 3). The examples solved 
in Balakrishna and Biegler (1992b). as well as the one shown next, suggest that 
this restriction does not seem to be limiting for the applicability of the proposed 
approach. 

Example 5: Here. we maximize the conversion in the catalytic oxidation of 
sulfur dioxide in fixed-bed reactors, which has been investigated by Lee and 
Aris (1963). The reaction and the kinetics are described as follows: 

so2 + ' / ? 0 2  = so3 

(2.5 - g}OS{3.46 - O.Sg} [ { 1 + 0.311t (32.01 - 0 . 5 g ) ' 5  
R ( g , f )  = 3.6 X 106 exp 12.07 - 

I 86.45 g(3.46 - 0.5g)'" 
(32.01 - 0.5g}(2.S - g}'.j 
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where g is defined as the number of moles of SO3 formed per unit mass of 
mixture and t is defined as (T - TJJ, where T is the temperature, To is 310 K 
(fresh feed temperature), and J = 96.5 K kg mol-'. R(g, t ) ,  the rate of reaction 
is defined as the kilogram-moles of SO3 produced per hour per kilogram of 
catalyst. The extent of reaction, or the moles of SO3 formed per unit mass of 
mixture, is limited by the inlet mass flow of SO,, which is fixed at 2.5 mol SO2 
per unit mass of mixture. Lee and Aris looked at the maximization of an ob- 
jective function based on the value of the product stream, catalyst, and pre- 
heating costs. However, they assumed adiabatic reactor sections, with cold-shot 
cooling. In our procedure, we do not enforce the adiabatic restriction, choosing 
yield maximization as our objective instead. 

For this reaction, we observed that for a constraint on residence time of 
0.25 s, the maximum reaction extent of 2.42 is obtained in a PFR with the 
temperature profile shown in Fig. 9a. The resulting optimization problem (555 
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FIG. 9. Temperature profile for Lee-Aris example: (a) Residence time = 0.25 s; (b) large res- 
idence times. 
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equations. 753 variables) took 1503 CPU seconds on a VAX 3200 workstation. 
However. if the constraint on the residence time is removed, the extent of re- 
action (as defined by g) asymptotically approaches the upper bound of 2.5 in a 
PFR with a sufficiently large residence time. Also, for a residence time bound 
of 2.2 s. the temperature profile as a function of time is shown in Fig. 9b and 
delivers an extent of reaction of 2.48. Additional nonisothermal examples are 
considered in Balakrishna and Biegler ( 1992b). 

V. Energy Integration of Reactor Networks 

Energy integration involves the matching of heat loads between a set of hot 
streams and cold streams to minimize the cost of utilities for the network. Al- 
gorithms for the "isolated" construction of heat-exchanger networks (HENS) 
are well known. However, the synergy among process subsystems is a key area 
for the exploitation of energy integration. Reactor networks, in particular, are 
associated with significant heat effects and strongly influence the behavior of 
other subsystems. In this section, we address integration of the heat effects 
within the reactor with the rest of the process and demonstrate the effectiveness 
of the optimization formulations of the previous section. 

Often, the reactor is the most important unit of the chemical plant because 
the downstream processing steps and the feed processing steps depend on the 
selective conversion of raw material into product. Here, the difference between 
stand-alone reactor network synthesis and reactor-flowsheet integration is that 
the constraints within the flowsheet allow a variable, but usually bounded, space 
of inlet concentrations for the reactor. If the space of inlet concentrations is not 
predetermined, then the problem size increases at each iteration of the construc- 
tive approach. This is because the previous reactors (or previous convex hulls) 
are not fixed, at each iteration, owing to the infinite number of inlet concentra- 
tions dictated by the flowsheet constraints. Nevertheless, the optimization for- 
mulations developed in the previous two sections can be readily adapted to 
determine the optimal flowsheet parameters. The development of a model for 
the energy integration of reactors is presented next. Following this, we apply 
our formulations to generate reactor extensions and illustrate this approach for 
the design of energy-integrated, reactor-based flowsheets. 

A. MODEL FORMULATION FOR ENERGY INTEGRATION 

We consider two approaches for the integration of the reactor and energy 
network: the sequential and the simultaneous formulations. In the conventional 
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sequential approach, the reactor and separator schemes appear at a level higher 
relative to energy integration. In other words, once the “optimal” flowsheet 
parameters have been determined for the reactor target and the separation sys- 
tem, the reactor network is realized, and the heat-exchanger network is derived 
in a straightforward manner. However, it is well known that this approach can 
be suboptimal with respect to the overall flowsheet (Duran and Grossmann, 
1986). 

For the simultaneous approach, we consider reactor synthesis and energy 
integration at the same level. This approach is attractive because it considers 
the strong interaction between the chemical process and the heat-exchanger net- 
work. However, this is not a trivial problem because the flowrates and the tem- 
perature of the process streams are not known in advance. Moreover, we do not 
restrict ourselves to adiabatic or isothermal constraints on the temperature profile 
within the reactor. Therefore, the streams within the reactor cannot be classified 
as hot or cold streams a priori, because the nature of the optimal temperature 
trajectory within the reactor is unknown. Instead, we discretize the temperature 
trajectory in the CFR model proposed for nonisothermal reactor synthesis, and 
introduce the concept of candidate streams within the reactor network. Here, we 
approximate the optimal temperature trajectory within the reactor by a set of 
isothermal segments followed by the temperature change between these 
segments as shown in Fig. 10. The solid curve represents the actual trajectory, 
while horizontal lines represent isothermal reacting segments and vertical 
lines represent the temperature changes necessary to follow an optimal 
trajectory. 

The horizontal segments at constant temperature correspond either to hot 
streams or cold streams, depending on whether the reaction is exothermic or 
endothermic, while the vertical sections involve heating or cooling; therefore 
we assume the presence of both heaters and coolers between the reacting seg- 
ments. Also, we call these hot or cold streams candidate streams, because they 

Length 
FIG. 10. Piecewise constant approximation of optimal reactor temperature profiles. 
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may or may not be present in the optimal network. This will depend on the exit 
flow distribution, which may include only some of the reacting segments and 
hence the corresponding temperature profiles. The schematic in Fig. 1 1  shows 
the reactor representation (of the CFR model for nonisothermal networks) cor- 
responding to the above approximation. 

The representation in Fig. 11  is similar to the discretized representation of 
the cross-flow reactor shown in Fig. 7. except for the additional heat exchangers. 
The subscript i again represents the ith finite element corresponding to the dis- 
cretization. T',,, corresponds to the temperature after mixing the reacting stream 
with the feed. TI,,,,,. TihOUt correspond to the temperatures of the streams entering 
and leaving the heater, and f',,,, t',,,, correspond to the temperatures of the 
streams entering and leaving the cooler. In an optimal network, it can be shown 
that only one of these two heat exchangers will be chosen. ACY; corresponds to 
the length of the finite element, which may also be a variable in the optimization 
problem (subject to constraints on error control). Thus, the problem is well 
posed since we now know the hot and cold streams c1 prior;, even if the flow 
rates and the temperatures are not known. Also, some amount of temperature 
control can be achieved by mixing, while the remainder can be accomplished 
by the utilities or the heat flows within the network. Using the framework 
for reactor targeting from above, we now integrate this within a suitable energy 
targeting framework. We assume here that utility costs will predominate 
and will be sufficient for the simultaneous total flowsheet synthesis for prelim- 
inary design. However. overall capital cost and area estimates for the heat- 
exchanger networks (Kravanja and Grossniann, 1990) can also be included here 
if desired. 

Dut-an and Grossmann ( 1986) derived analytical expressions for minimum 
utility consumption as a function of flowrates and temperatures of the heat- 
exchange streams. They showed that given a set of hot and cold streams, the 
minimum heating utility consumption is given by QH = max(zHP), where 
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zHP is the difference between the heat sources and sinks above the pinch point 
for pinch candidate p. For hot and cold streams with inlet temperatures 
given by T t  and t t ;  and outlet temperatures T r t  and $)"' respectively, zHP (y) 
is given by 

zHp(y) = wJmax(0; fPt - (Tp - 4T,,,}) - max (0 ;  t,'" - ITp - 4 T m ) } ]  
cE C 

for p = 1, ..., Np; where Np is the total number of heat-exchange streams. Here, 
TP corresponds to all the candidate pinch points; these are given by the inlet 
temperatures for all hot streams and the inlet temperature added to AT,,, for the 
cold streams. w, and w h  are the heat capacity flows for the hot and cold streams. 
Also, y is the set of all variables in the reactor and energy network. The mini- 
mum cooling utility is given by a simple energy balance as Q, = QH + fib); 
where, fib) is the difference in the heat content between the hot and the cold 
process streams, given by: 

Based on the above concepts for reactor and energy network synthesis, a 
unified target for simultaneous reactor-energy synthesis can now be formulated. 
We first classify the streams within the process into four categories. Let HR,  CR 
be the set of hot and cold streams associated with the reactor network and let 
Hp, Cp be the set of hot and cold streams in the process flowsheet. Also, h E 
H = HR U Hp, and c E C = CR U Cp. If there are NE isothermal reacting 
segments and if the reaction is exothermic, then there is a set of NE hot reacting 
streams from which the heat of reaction is to be removed in order to maintain 
a desired temperature in each segment. Also, between any two elements, there 
is a hot stream corresponding to the discretization shown in Fig. 11. Hence, H R  
is a set of cardinality 2NE, while CR is a set of cardinality NE. For an endo- 
thermic reaction, Cu and Hu have cardinalities in the reverse order, since the 
reacting segments now correspond to cold streams. Thus, there are always 3NE 
candidate streams, some of which may have zero heat content in the reactor 
network. Let F h  and F, denote the mass flow rates of the hot and cold streams 
respectively. F(i) denotes the mass flow at the entry point of reacting segment i, 
Fo is the total inlet flow into the reactor, heat capacities are allowed to be 
temperature-dependent. In addition, w constitutes the variables in the flowsheet. 
Based on these assumptions, a unified target for simultaneous reactor-energy 
synthesis can be obtained by extending (P7) to include the Duran and Gross- 
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mann heat integration model for the reactor network and flowsheet. This requires 
the solution of the following nonlinear programming problem: 

Here, T P  corresponds to all the inlet temperatures for the hot streams, and t ln  + 
AT, denotes all the cold streams. The heats of reaction are directly accounted 
for by the heat capacity flow rates of the reacting streams as follows. If QR is 
the heat of reaction to be removed (or added, for endothermic reactions) to 
maintain an isothermal reacting segment, the equivalent (FC,), or wh for this 
reacting stream is equated to QR, and we assume a 1 K temperature difference 
for this reacting stream. In addition, the relations involving h(o,y) and g(w,y) 
are derived from interactions due to the rest of the flowsheet. 

Finally, the max(0, 2) functions, which make up the zHPb) relations, have 
a nondifferentiability at the origin, which can lead to failure of the NLP 
solver. In order to provide smooth problem formulations, we approximate 
max(0, 2) as 
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sqrt(Z' + 2) z + -  
2 2 

f(Z) = max(0, Z) = 

With values of E = 0.01, we were able to obtain a reasonably good approxi- 
mation to the max function while simultaneously allowing easier solution of 
problem (P10). The advantage in this representation is that it provides a single 
function approximation over the entire domain. 

B. EXTENSIONS FROM THE TARGETING MODEL 

The solution of the nonlinear optimization problem (P10) gives us a lower 
bound on the objective function for the flowsheet. However, the cross-flow 
model may not be sufficient for the network, and we need to check for reactor 
extensions that improve our objective function beyond those available from the 
cross-flow reactor. We have already considered nonisothermal systems in the 
previous section. However, for simultaneous reactor energy synthesis, the di- 
mensionality of the problem increases with each iteration of the algorithm in 
Fig. 8 because the heat effects in the reactor affect the heat integration of the 
process streams. Here, we check for CSTR extensions from the convex hull 
of the cross-flow reactor model, in much the same spirit as the illustration in 
Fig. 5 ,  except that all the flowsheet constraints are included in each iteration. A 
CSTR extension to the convex hull of the cross-flow reactor constitutes the 
addition of the following terms to (P10) in order to maximize @(2) instead of 
@: 

Max @(2)(w,y(2), QH, Qc) = J(w,y"') - cHQH - ccQc 

set- Xcsm = Xexit + R(Xcsu, Tcstr) Tcstr (PI 1) 

T 2 0, x,,,, 2 0 

Here, XCstr corresponds to the new reactor extension and y(2) is the set of new 
variables in the reactor and energy network. Besides the variables w and y in 
(PlO), this includes the variables corresponding to the new CSTR extension, 
namely, XCStrr Tcstr, rCstr, and three more candidate streams for heat exchange. 
This is because the two heat exchangers will either cool or heat the feed to the 
CSTR (only one of these will exist in the optimal network), and one additional 
exchanger within the CSTR will maintain a desired temperature. If @(*)* > @*, 
we have a reactor extension that improves the objective function. The next step 
consists of creating the new convex hull of concentrations and checking for 
extensions that improve our objective function within the flowsheet constraints. 
As in Sections I11 and IV, we continue this procedure until there are no exten- 
sions that improve the objective function. 
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C. ENERGY-INTEGRATION EXAMPLE 

We now provide a small process example to illustrate the simultaneous syn- 
thesis of reactor and energy networks. Here, we consider a reaction mechanism 
in the van de Vusse form, though with kinetic expressions different from those 
used above. The integrated flowsheet corresponding to the synthesis problem is 
shown in Fig. 12. 

The feed to the plant consists of pure A. This is mixed with the recycle gas 
stream consisting of almost pure A, and preheated (Cl)  before entering the 
reactor. After reaction, the mixture of A, B, C, and D passes through an after- 
cooler prior to distillation. In the first column, A is recovered and recycled, 
while in the second column, the desired product B is separated from CD, which 
is used as fuel. The distillation columns are assumed to operate with a constant 
temperature difference between reboiler and condenser temperatures (Andrecov- 
ich and Westerberg. 1985). The reflux ratios are fixed and the column temper- 
atures are functions of the pressure in the column, which is variable so that 
efficient heat integration can be attained between the distillation columns and 
the rest of the process. The reactions involved in this flowsheet are as follows: 

A ~ B > C  
Ll 

D 

where k, , ,  = 8.86 X 10' h- ' .  kZ0 = 9.7 X 10' hK', k30 = 9.83 X 10' liters 
mol-' hK': E ,  = 15.00 kcal/g-mol. Ez = 22.70 kcal/g-mol, and E3 = 6.920 
kcal/g-mol; and AHA jB = -0.4802 kcallg-mol, AHB j c  = -0.918 kcal/g-mol, 
and AH, +D = -0.792 kcaYg-mol of A. 

Unreacted A (99 %) 

1 I Coypressor 

Y m m  
I I I  

B C D  mixt. CD 
FKi. I?. Flowsheet for reactorenergy network synthesis. 
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The reactor is represented by the cross-flow discretization shown in Fig. 11. 
Here, we choose seven reactor segments (NE=7), with uniform segment lengths, 
Aai. Since the reaction is exothermic, this corresponds to 14 hot streams and 7 
cold streams. Thus, the streams in the reactor may be enumerated as hot streams 
HI-H13 (2NE - 1, since the entry point is fixed to be a preheater), and cold 
streams Cl-C7. The streams H15-Hl6, and (28x9 correspond to the condens- 
ers and reboilers of the distillation column. As described in (PlO), the specific 
heats are assumed to be linear with the inlet temperatures. The objective function 
here as the total profit for the plant and is given in simplified form by 

J = 1.7FB + 0.8FcD - 6.95 X lo-% Fo - 0.4566FB(1 + O.Ol(T$, - 320)) 

- 0.7(FB + FcD) - 0.2FAo - 0.007Qc - 0.08QH 

Further details of this formulation can be found in Balakrishna and Biegler 
(1992b). In this expression, F B  and FcD represent the production rates of B and 
CD, respectively. FAo is the flow rate of fresh feed. The third term corresponds 
to the reactor capital cost with 7, the residence time, and Fo, the total reactor 
feed; the fourth and the fifth terms correspond to the capital cost of the distil- 
lation columns. The operating costs of the columns are directly incorporated into 
the energy network in terms of condenser and reboiler heat loads. We assume 
that the cost of the reactor can be described by the total residence time and is 
independent of the type of reactor. The potential error from this assumption can 
be justified because the capital cost of the reactor itself is usually an order of 
magnitude or more smaller than the operating costs and the capital costs of the 
downstream processing steps. 

Here, we consider two alternatives. First, we consider the sequential ap- 
proach, where we optimize the reactor network with an optimal temperature 
profile, then integrate the maintenance of this optimal profile with the energy 
flows in the rest of the flowsheet. In the second case, we solve the above problem 
with the simultaneous formulation proposed in (P10). 

The optimization model in the sequential case had 342 equations and 362 
variables for the reactor flowsheet optimization (96 CPU seconds on the VAX 
6320) and 200 equations and 161 variables for the energy integration (170 CPU 
seconds). The simultaneous optimization model (542 equations, 523 variables) 
was solved in 1455 CPU seconds and was initialized with the solution to the 
sequential model. Table I presents a comparison between the results for se- 
quential and simultaneous modes to synthesis. A target production rate of 40,000 
Ib/h is assumed for the desired product B. 

Clearly, the simultaneous formulation leads to a significant improvement in 
the overall profit and conversion due to the correct anticipation of the energy 
costs in the reactor design. Even though the shape of the temperature profiles 
is not markedly different, the temperatures in the simultaneous case are lower, 
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TABLE I 
COMPARISON BETWEEN SEQUENTIAL AND SIMULTANEOUS FORMULATIONS 

Sequential Simultaneous 

Overall protit 38.98 X 10' $/year 14.02 X lo5 $/year 
Overall conversion 49.6% 61.55% 
Hot utility load 3.101 X 10'BTUh 2.801 X 10' BTUh 
Cold utility load 252.2 X 10' BTUh 168.5 X 10' BTUh 
Frehh feed A 8.057 X 10' Ib/h 6.466 X lo4 Ibh  
Degraded product C 3.112 X 10' Ib/h 1.44 X lo4 l b h  
By-product D 0.933 X 10' Ibih 1.00 X 10' Ibh  
Unreacted (recycled) A 1.22 X 10' Ibh 1.963 X 10' Ibh 

as seen in  Fig. 13. These lower temperatures lead to a significant reduction in 
the degradation of product B to by-product C, as seen in Table I .  Since the 
B-C reaction is also the most exothermic, the retardation of this reaction leads 
to less heat evolution and therefore less cold utility consumption. Furthermore, 
the more efficient conversion to B results in less consumption of raw material 
A, leading to higher overall conversion and less total flow within the reactor in 
the simultaneous case. This results in lower heat capacity flow rates for the 
reacting hot streams, and hence lower cold utility consumption. However, the 
optimal reactor in both sequential and simultaneous cases (a nonisothermal PFR) 
has the same residence time of 0.59 s. Since the temperatures are lower in the 
simultaneous case, the conversion per pass of A is actually lower in the simul- 
taneous case, leading to higher recycles in the simultaneous case. In either case, 
of the 20 candidate streams, only 12 streams are active in the optimal network. 
This is because the strictly falling temperature profiles avoid the use of any cold 
streams (C2-C7) within the reactor network. 

In addition, no mixing was predicted in the solution, so cold-shot cooling 
was not used at all. However, this decision is directly influenced by the ratio of 
the raw material to energy costs. For small ratios, even if mixing is not optimal 
in concentration space, the energy costs may drive the use of cold shots in order 
to reduce utility consumption. Within the constraints on the residence time (7up= 
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H6 Steam H11 

FIG. 14. Heat-exchanger network substructure. 

1 .OO s), no further extensions that improve the objective function are found from 
these solutions to either the sequential or the simultaneous targeting model. The 
pinch points correspond to 546.5 K and 535.1 K for the sequential and simul- 
taneous schemes, respectively. Also, the heat loads for the hot streams are sig- 
nificantly higher than those for the cold streams. Thus, the cooling (or T-Q 
curves) for the hot streams will be nearly flat. Since the pinch corresponds to 
the inlet temperature of the hottest hot stream in either case, no part of the 
7'-Q curve for the hot streams will extend beyond the pinch. The matches below 
the pinch are thus very easily determined. In fact, streams C1, C8, and C9 can 
be matched with any of the streams from H1 to H11, without any alteration in 
the utility cost. The network in this case is thus innately flexible; the primary 
reason for this is the significant disparity in the heat contents due to the high 
reaction exothermicity. 

One feasible network would correspond to the cold streams C1, C8, and C9 
diverted to suitable jacketed reactor compartments, as the simple network in Fig. 
14 shows. The hot streams not shown in this network are matched directly with 
cooling water (CW), and the amount of steam used here is very small. Note that 
this network would require the same minimum utility consumption predicted by 
the solution of (P10). It can be inferred that the network in Fig. 14 is equally 
suitable for both the simultaneous and sequential solutions. In fact, Balakrishna 
and Biegler (1993) showed that, for exothermic systems in which the reactor 
temperature is the highest process temperature, the pinch point is known a priori 
as the highest reactor temperature (in this case, the feed temperature) and the 
inequality constraints in (PlO), QH 2 zHp(y), p E P, can be replaced by a simple 
energy balance constraint. This greatly reduces the computational effort to solve 
(P10). 

VI. Simultaneous Reaction, Separation, 
and Energy System Synthesis 

Previous studies on process integration have generally considered reaction 
and separation as processes that occur sequentially in a flowsheet. In this section, 
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xo 

a unified formalism is presented for the synthesis of reaction-separation systems 
while ensuring optimal energy management. The synthesis approach is devel- 
oped in the light of the ideas previously presented on the sequential bounding 
scheme for reactor targeting. While previous formulations have considered re- 
action and separation as sequential operations in a flowsheet, our model is de- 
veloped to consider simultaneous reaction and separation as an option within 
the network. Such simultaneous events occur, for example, in reactive distilla- 
tion and membrane reactors. 

We first develop a nonisothermal reactor model, which allows for separation 
as reaction progresses. This is facilitated through a species-dependent residence 
time distribution. Optimization of this residence time distribution function leads 
to a separation profile as a function of age. The synthesis model is then for- 
mulated as a mixed-integer optimal control problem, where the integer variables 
account for the fixed costs of separation. The control profiles include the tem- 
perature, the separation profile. and some mixing functions defined for the net- 
work. Costs for maintaining a separation profile are addressed next by defining 
a separation index (defined to model the intensity of separation) and a fixed 
charge for any separation between two components in the reaction mixture. 
Following this. we consider the amalgamation of this formulation with energy 
minimization and develop simplifications for systems with highly exothermic 
reactions. The solution to this model gives us a lower bound on the performance 
index: we therefore present schemes to successively improve these bounds, 
based on reactor extensions. 

Xexit Reaction Separation 
Network w 

A. COMBINED R~ACTION-SEPARATION MODEL 

Figure 15 gives a schematic of a simultaneous reaction-separation model. To 
include separation in a reactor targeting model, we postulate a separation func- 
tion vector (y) analogous to a residence time distribution function for homo- 
geneous reactors. Here, however, each species has its own residence time dis- 
tribution function, which is dependent on its separation function yc. 

If we define m,(a) as the mass of component c (c - 1 ,  ..., C) at time a, then 
a mass balance around the network in Fig. 15 leads to 

I I 

FIG. 1 S. Flow model for combined reaction-separation targeting 
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C 

d C m  C 
c= 1 -- - -c rc(a>mc(a) 
da c = l  

where yc(a)  is a continuous function of a. For a homogenous system, if p is 
the density of the system, then 

C 
- -  d Q -  -c yc(a)mc(a> 
d a  c =  I P 

We assume constant-density systems for the sake of simplicity, even though 
variable density could be considered by a straightforward extension of this 
model. 

Now a differential balance around an infinitesimal element of CY for compo- 
nent c gives 

With this governing equation, a mathematical model for maximizing the per- 
formance index in this reacting environment can be derived as follows: 

Max Jexit(mc(exit)r Q J )  
Y,T 

Here, J is an objective function specified by the designer, X(a) is the mass 
concentration vector of moIecules of age a, m,, is the mass flow of each species 
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at the entrance to the reactor, and rn,(exit) is the mass flow of each species at 
the reactor exit given as the integral of outlet flows at different points within 
the reacting system. The residence time, 7, is determined from the RTD function 
f(a). Also, g and h represent the inequality and equality constraints imposed by 
the process variables ( p )  on the reaction system. 

Clearly. formulation (PI 2 )  is an optimal control problem with differential 
equation constraints, where the ye's, and the temperature are the control profiles. 
The solution to this model will give us the optimal separation profile along the 
reactor. It is clear that y (a )  models the effect of separation within the reactor 
network. If all the elements of the vector $a) are the same (which implies that 
there is no relative separation between the species in the reactor), the second 
term for the governing differential equation vanishes, since 

therefore 

Thus, the governing equation to this reactor scheme reduces to that of segregated 
flow, and the formulation reduces to the segregated flow optimization problem 
in Section 111. Furthermore. the 7,’s can now be directly related to the RTD 
function (Balakrishna and Biegler, 1993) through the following relation: 

where f(a) is the true residence time distribution of the molecules within the 
reactor network, and F(a) is the cumulative RTD = kf(t) dr. 

However, if the ye's are not the same for all components-i.e, there exists a 
separation profile-then the actual RTD for this system is given by: 

where qJa) = rn,(a)/p.  
The solution to (P12) gives us the optimal separation profile as a function of 

age within the reactor. However, except in the case of reactive phase equilib- 
rium, the assumption of a continuous separation profile is not really required. 
Furthermore. a continuous separation profile may not be implementable in prac- 
tice. To address this, we take advantage of the structure of a discretization 
procedure for the differential equation system. In this case, we choose orthog- 
onal collocation on finite elements to discretize the above model. This results 
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Xend(i-1) 

L To reactor exit 

0 + Separator / Splitter 
FIG. 16. Finite-element discretization for reaction-separation targeting model. 

in a reactor structure as shown in Fig. 16, where we restrict separation only to 
the ends of each finite element. Also, the differential equations are now con- 
verted to algebraic equations through collocation, and the optimal control prob- 
lem is reduced to the nonlinear program shown in (P13). Furthermore, it can be 
shown that as A a  tends to zero, this discretized model is equivalent to the 
original optimal control problem. [A proof for this equivalence can be found in 
Balakrishna and Biegler (1993).] The rc(a)  in the original model now reduces 
to a mass split fraction vector of each species at the end of each element (yc,;). 
Finally, the control profiles, temperature ( T ) ,  separation fractions (yc), and the 
RTD are assumed to be piecewise constant over each element. 

Max Jexit(mexit7 Q, 7 )  
7.T 

c x j k  Lk'(t,)/Aaj - R(Xu, Tjj) = 0 @ 5 S.t. j # 0 
k 

X(0)  = x, 
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where 

Xi] = Mass concentration vector at collocation pointj  in finite element 
i (point [ij]) 

L,’(r,) = Derivative of Lagrange interpolation polynomial at [iJ] 
y, = Mass split fraction vector at the end of finite element i (array of yJ 

TI] = Temperature at [i,j] 

m, = Species mass flow vector entering element i 
Qi = Total volumetric flow rate entering element i 

The first three constraints represent orthogonal collocation applied to the dif- 
ferential equations at the collocation points. The next three equations represent 
mass balances at the separation point. The discretized RTD function and the 
expression for the mean residence time are given in the final constraints. As 
Aa + 0. this model is equivalent to the original reaction-separation model 
(P12). The main difference is that we allow separation only at the end of 
each element; within each element no separation occurs. Although the model 
appears nonlinear, the nonlinearities are actually reduced when one consid- 
ers the rates in terms of the mass fractions. The solution to this model then 
gives us the optimal separation split fractions as a function of time along the 
reactor. 

One important issue that still needs attention is the objective function. It is 
intuitively obvious that if a separation cost is not associated with it, we will 
usually end up getting near-complete separations of products, and hence com- 
plete conversions to the extent possible within stoichiometric constraints. Thus 
the AR in concentration space can easily be the entire stoichiometric space. 
Unfortunately. it is difficult to get an accurate representation for the separation 
cost. especially when sharp splits are not enforced. Here. we present a simple 
cost model by assuming that the variable cost of separation is determined by 
two factors. namely. the difficulty of separation and the mass flow rate through 
the separator. 

We first consider an example for modeling the separation costs. As shown 
in the schematic in Fig. 17. a stream with components A,B,C and mass Row 
rates FA. FB.  Fc undergoes a separation operation into two output streams, with 
mass Row mtes F,+I. FBI. F,, and mass flows F,&?, F B I .  FC2, respectively. The 
streams A. B. and C are arranged in a sequential order of separability; for 
example. in the case of distillation, we may assume that A. B, and C are in 
decreasing order of volatility. The mass fractions yA. yB. and yc are then de- 
fined as 

, f ( i )  = Actual RTD for the system at element i 

Xiend = Mass concentration vector at the end of element i. 
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= 'B F B  

%, = [ I  yc  Fc 

FIG. 17. Separation of mass fractions. 

If the split fractions yA = ye = yc, we have only a splitting operation without 
any separation. Otherwise, there is a relative separation between two adjacent 
components in the mixture and we define /yA - yB/ as a measure of the intensity 
of separation between these two components. When yA - yB = yB - yc = 0, 
we have only a splitting operation among these components, and the cost of 
separation is identically zero; however, if yA - yB = & 1, we have a sharp 
split between components A and B. Any intermediate degree of separation could 
then be modeled by complete sharp split separation followed by mixing in order 
to achieve the desired composition. 

We can generalize this to formulate the separation costs. Let M = [ m ]  denote 
the set of all components in the reacting system and let these be arranged in 
some monotonic order of relative separability, such as volatilities. If Q is the 
mass flow rate handled by the separator, the cost of separation may be de- 
scribed by 

Csep = Ccapita~ + Coperating 

Ccapitat = Cfixed(mn) Ymn + C P m n  IAymnIQ 
m;n=m+l 

Here, y,, is the binary variable associated with the separation of components m 
and n, such that if ymn = 0, then Ay,, = 0; and if ymn = 1, then hy, I 1. 
The second term models the intensity of separation, where the cost coefficient 
pmn for unit separation between two adjacent components m and n reflects the 
difficulty of separation between m and n. Q is the net flow through the separation 
network. The above formulation gives us an exact representation when we have 
sharp splits between adjacent components. As we mentioned earlier, nonsharp 
splits can be modeled by sharp splits followed by mixing, and an upper bound 
on the separation costs can be derived by enforcing \hymn\ = 1 whenever ymn 
= 1 (i.e., by assuming sharp splits) while a lower bound on the separation cost 
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is given by the expression above. The operating cost (reboiler and condenser 
duties in distillation, for example) can be directly incorporated into the energy 
minimization framework presented next. 

in the cost function makes the objective function in 
(PI 3 )  nondifferentiable, so it is reformulated by adding the following terms 
within (PI 3): 

The presence of 

Max Jexu = Jpr~~x~tO~Z' , , , , , , ,Q .  7) - CfiredfnmL\.m,i - C Pmn Anm Q - Copeminp 
m.,,=,,,+ I 

L, 2 2,tl - Yn 

Since A,,,,, is to be minimized in the objective, it is easy to show that this 
reformulation would result in Amn = IA-Y,~~,~~,  as desired, at the optimal solution. 

This approach was applied to the Williams-Otto process (Balakrishna and 
Biegler, 1993). In previous studies, this process was optimized with a CSTR 
reactor followed by waste and product separators and a recycle stream. The 
application of (P12) to this problem led to a significantly improved process, 
particularly when the separation costs @,flfl) were low enough to allow coupled 
reaction and separation. Without separation, the optimal network is a single PFR 
with twice the return on investment of previous studies. Allowing for separation 
leads to a tubular reactor with sidestream separators to remove product and waste 
as they are created. The resulting process objective has a further fivefold 
improvement. 

B. UNIFIED FORMULATION FOR OFTIMAL ENERGY UTILIZATION 

The combined reaction-separation model has advantages because it allows 
us to consider both reaction and separation within one framework. We now 
extend this formulation further to include energy minimization by using the 
concepts of pinch technology. Thus heat effects within the reactor and separator 
are integrated optimally with the energy flows in the flowsheet. The energy 
minimization scheme for this network closely follows the development in Sec- 
tion V,  where our reactor targeting model was integrated with an energy tar- 
geting framework based on minimum utility consumption (Duran and Gross- 
mann, 1986). The schematic in Fig. 18 shows one finite element of the 
discretized reactor-separator representation of Fig. 16 along with the candidate 
heat-exchange streams. Based on the development in Section V, a unified re- 
actor-separator-energy target can be derived from the solution to the following 
mixed-integer nonlinear programming (MINLP) problem: 
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FIG. 18. Discretized model for energy minimization. 

zHp($) = wJmax(0; tTt - (Tp - AT,,,]] - max(0; t,'" - (Tp - AT, , , ) ) ]  
CEC 

- C wh[max{O; Thin - TP) - max(0; Thou' - T P ) ]  
LEH 

QH 2 ZH'('J) 

g(w,tt.,y) 0 

h(O,$,Y) = 0 

Here, the variables are defined as follows: 

= Set of variables in the reaction-separation-energy network 
w = Set of external flowsheet parameters 

QH,Qc = Heating and cooling utility loads 
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cH. cc = Cost coefficient for utility loads 
wH,wc = Heat capacity flow rates for hot and cold streams, respectively 

C\ep = Total separation cost 
Thin. ,,,““I = Inlet and outlet temperatures respectively for hot stream h 

t ,  . t ~ .‘’Ut = Inlet and outlet temperatures respectively for cold stream c 
F, = Total mass flow rate at element i 

Fc,e,i, = Mass flow rate of component c at reactor exit 
zHP = Heating deficit above the pinch 

The objective function r is a function of the variables within the unified 
reactor model and the heating and cooling utility loads. The cost model for 
separation presented in the previous section is incorporated within r as Csep. 
The operating costs for the separation profile (for example, heat loads in the 
case of distillation) are directly incorporated into the energy minimization for- 
mulation. Note that this formulation combines the energy target in (P10) with 
the separation target in (P12). 

The solution to formulation (P14) gives us an optimal network for the reactor 
flow configuration shown in Fig. 18. However, this flow model may not be 
sufficient for the synthesis problem, and we need to check for any other reactors 
that will help us improve the objective function. Using the approach developed 
in previous sections. we check for the same CSTR extensions from the solution 
to our unified reactor targeting model. Thus. in addition to the constraints in 
(P14), we add the CSTR extension constraints in (PI I )  and define r(’) as the 
objective with the same form as that in (P14). Here, $‘” is the set of new 
variables in the reactor energy network; this includes all the variables within $, 
the new variables xcsTR. TCSTR, and TCSTR, and the corresponding heat-exchange 
variables for coolingheating the stream in the CSTR. There are no additional 
separation variables. since separation is confined to the segregated-flow com- 
ponent of this system. If the optimal solution to this formulation is r(2’* 2 P, 
we have a reactor extension that improves the objective function. The next step 
consists of creating the new convex hull of concentrations and checking for any 
further extensions that improve the objective function within the flowsheet con- 
straints. As before, we continue this procedure until there are no further reactor 
extensions that improve the objective function. 

C. EXAMPLE PROBLEM 

In this section, we reconsider the van de Vusse process to illustrate our 
synthesis approach. This example also shows the application of the unified re- 
action-separation-energy integration model. Comparisons are made between se- 
quential and simultaneous modes of synthesis, and the applicability of the sim- 
plified model is verified. 
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Here, we devise a reaction separation network featuring energy integration 
for the following system using the proposed targeting scheme. 

A ~ B ~ C  
k,  1 
D 

The feed to the plant consists of pure A. This is mixed with the recycle gas 
stream, consisting of almost pure A, and preheated (Cl) before entering the 
reactor. The flowsheet in Fig. 12 shows the reaction separation network followed 
by final separation columns to obtain product streams containing pure B and a 
C-D mixture. The volatilities of components in the network are given in the 
following descending order: [A, B, C, D]. The operating costs of the distillation 
columns (reboiler and condenser duties) are directly incorporated into the energy 
integration formulation and the columns are modeled in the same way as those 
in Section V. The reactor here is modeled by the discretized targeting model as 
shown in Fig. 16, with eight finite elements in the collocation procedure. The 
discretization procedure results in a total of 18 candidate hot streams and 11 
candidate cold streams within the reaction separation network. The objective 
here is to maximize the total profit given by 

J' = 30FB - 18Fc~ - 6.95 x 10-47Fo - 4.566FB(1 f 0.01(Tn~15 - 320)) 

In this expression, FB, FCD represent the production rates of B and CD, respec- 
tively, and FAO is the amount of fresh feed. The first term corresponds to the 
product value, while the second term corresponds to the cost of waste treatment 
for undesired products C and D. The third term corresponds to the reactor capital 
cost, while the fourth and the fifth terms correspond to the recycling costs. 
The costs incurred for maintaining a desired separation profile, Csepr is given 
in (P14). 

The operating costs of the columns are directly incorporated into the energy 
network in terms of condenser and reboiler heat loads. We assume that the cost 
of the reactor can be described by the total residence time and is independent 
of the type of reactor. This can be justified on the grounds that the capital cost 
of the reactor itself is usually orders of magnitude smaller than the operating 
costs and the capital costs of the downstream processing steps. A target pro- 
duction rate of 960,000 lb/day is assumed for the desired product B. 

Here, we consider two alternatives. First, we consider the sequential reaction 
and separation approach, where we force all the separation fractions to split only 
fractions. In the second case, we solve the above problem with the formulation 
proposed in (P14). In this case, the reaction-separation system and the energy 
network are optimized simultaneously. Table I1 presents a comparison between 
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TABLE I1 
RESULTS FOR SEQUENTIAL A N D  SIMUL.TANEOUS FORMULATIONS 

Reaction followed by Simultaneous reaction and 
separation separation 

Overall profit 53.87 x lo6 $/year 202.33 X lo6 $/year 
Hot utility load 
Cold utility load 

3.20 X 10' BTUh 
131.120 X loh BTUh 

2.13 X lo5 BTUh 
126.799 X lo6 BTUh 

the solutions obtained for simultaneous reaction separation and sequential re- 
action and separation. The results clearly show that by considering simultaneous 
reaction and separation as an option within the network, significant increases in 
overall profit can be obtained for this system. 

As shown in Fig. 19, the separation profiles indicate removal of B and CD 
as reaction progresses, while retaining A for the complete residence time of 
0.35 s. The temperature profile is a falling one as long as B and CD remain in 
the reactor. At every point where B and CD are separated out of the reactor, 
the temperature rises. This is because, as long as there is only A, a high reaction 
rate i s  desired to minimize reactor volume. However, as more B is produced, 
the temperature profile falls so as to reduce the excessive degradation of B to 
product C. Thus, the optimal temperature profile in this case is a nonmonotonic 
one. Also, among the 8 finite elements used in the discretization, only the can- 
didate streams corresponding to 6 elements are active, since at the end of the 
sixth element, all molecules leave to the reactor exit ( t  = 0.45 s), as shown by 
the separation profile in Fig. 20. Furthermore, of the 18 candidate hot streams 
and 1 I candidate cold streams, only 12 hot streams and 6 cold streams were 
active in the optimal network. Also, from the solution of the reactor extension 
problem, no reactor extensions are observed that improve the objective function 
for both sequential and simultaneous formulations. 

0 0.15 0.3 0.45 0 0.15 0.3 0.45 

Time akng reactor length 

FIG. 19. Separation profiles along reactor length (simultaneous case). 
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FIG. 20. Temperature profile (simultaneous case). 
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VII. Summary and Conclusions 

In this paper we have addressed the development of mathematical program- 
ming strategies for the optimal synthesis and flowsheet integration of chemical 
reactor networks. Our discussion develops new methodologies for three major 
aspects of the reactor synthesis problem. These include optimal reactor network 
synthesis, energy integration of reactor networks, and the development of a 
combined reaction-separation-energy integration framework for overall 
synthesis. 

In reactor network synthesis approaches based on superstructure optimization, 
the limitations stem from solutions that may be local or nonunique and that are 
only as' rich as the superstructure chosen. To address these issues, geometric 
approaches based on attainable region (AR) concepts have recently been devel- 
oped. Here, a region in concentration space is constructed that cannot be ex- 
tended with further mixing and/or reaction. Hence, this region includes the con- 
centation trajectories of all possible reactor networks for this system. This 
geometric approach leads to important insights into the structure of the optimal 
network. However, as construction of the attainable region is currently based on 
graphical tools, finding the AR is limited to two- or three-dimensional problem 
representations. 

The synthesis approach proposed in this paper addresses the drawbacks of 
the superstructure and graphical AR techniques through a constructive, optimi- 
zation-based targeting methodology. This targeting approach proceeds through 
the development of simplified reactor models and applies the concept of ARs 
to verify the sufficiency of these models. Our targeting approach is based on 
successively generating points of the feasible region for the reaction system with 
optimization over the convex hull of these points. We started with the segre- 
gated-flow limit to this model, which can be solved through a linear program- 
ming simplification. The example problems in Section 111 and in Balakrishna 
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and Biegler ( 19923) indicate that, in many cases. the segregated-flow model is 
sufficient to describe the network. Sufficiency conditions also allow us to eval- 
uate the suitability of the target obtained from the segregated-flow model. When 
the segregated-flow model is not sufficient. simple nonlinear programs can be 
solved to enhance the target. Here, each nonlinear program corresponds to a 
reactor extension from the convex hull of concentrations generated from the 
previous model. and this procedure is continued until there are no reactor ex- 
tensions that improve the objective. With this stagewise approach, we therefore 
solve simpler models and verify their sufficiency in a stagewise manner. 

The extension of this approach to nonisothermal systems follows similarly 
from the above approach. The main difference here is that temperature is an 
additional control profile and we consider schemes for maintaining a desired 
temperature profile. We accomplish this by postulating a cross-flow reactor 
model as the initial targeting model. since this allows for temperature control 
through feed mixing. From the convex hull of the concentrations available 
through the cross-flow reactor. we solve small nonlinear programming problems 
to generate reactor extensions that improve the objective function. In contrast 
to isothermal synthesis. the variable temperature profile in the initial cross-flow 
representation itself encompasses a large choice for the AR. In fact, while pre- 
vious approaches have derived results by placing constraints on the temperature 
profiles, we show that for suitable temperature profiles, the conversion can as- 
ymptotically approach a stoichiometric upper bound for some systems. This is 
illustrated by the Lee-Aris sulfur dioxide oxidation. where the extent of reaction 
asymptotically approaches the upper bound, for a temperature profile shown in 
Section 1V. 

Reactor network synthesis in isolation. however, fails to address the inter- 
action of the reactor design on the other process subsystems within the flow- 
sheet. For example. reactors are associated with significant heat effects and our 
targeting approach allows for the integration of the reactor target with synthesis 
schemes for energy networks. The integration of our reactor targeting formulation 
with an energy targeting scheme. based on minimum utility costs (Duran and 
Grossmann. 1986). provides a general formalism for synthesizing energy inte- 
grated reactor networks. The results on the example problem indicate that signifi- 
cant increases in profit can be obtained by considering the two subsystems within 
a unified framework. Also, owing to high reaction exothermicities in the ex- 
ample, the heat-exchanger network is very flexible, as described in Section V. 

Finally. we consider a preliminary approach for the optimal synthesis of 
reactor-separation systems. Here, we formulate a combined reaction-separation 
model by postulating a species-dependent residence time distribution. The op- 
timization of this distribution function leads to a separation profile as a function 
of time along the reactor. The costs for maintaining a separation profile are 
handled through a separation index. which models the intensity of separation, 
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and a fixed charge modeled by binary variables for separation between any two 
components in the system. The reaction-separation model is then integrated with 
an energy targeting approach, and is implemented within our targeting frame- 
work. Results from a small example illustrate that the flowsheet performance 
indices can be enhanced significantly by considering reaction-separation sys- 
tems, in contrast to the more conventional sequential reaction and separation. 

While our targeting approach leads to an efficient, systematic strategy for 
synthesis of integrated reactor networks, there are still many open questions for 
targeting approaches. These can be summarized in terms of further development 
of geometric concepts, refinement of optimization strategies, and further exten- 
sion and application to the design of new and existing processes. These topics 
are briefly summarized below. 

Concepts for the construction of two- and three-dimensional regions have 
been firmly established by the work of Glasser, Hildebrandt and co-workers. 
For higher-dimensional systems, Hildebrandt and Feinberg ( 1992) have estab- 
lished a number of properties that lead to useful insights for processes with 
reaction and mixing, as well as additional rate processes. However, constructive 
procedures for higher-dimensional attainable regions still need to be developed. 
Similarly, optimization formulations still need to be refined in order to exploit 
the concepts of higher-dimensional ARs. This work presents simple formulations 
for constructing ARs consisting of PFRs, CSTRs, and some DSRs. However, 
improved formulations are still needed in order to provide “nonmonotonic” 
improvements in the network, as observed in Example 3. Moreover, many of 
the relationships that characterize the existence of DSRs and other connectors 
in higher-dimensional ARs need to be incorporated within optimization 
formulations. 

Related to the development of AR concepts is the application of more pow- 
erful optimization formulations and algorithms. A current limitation to our tar- 
geting approach is the application of local optimization algorithms to nonconvex 
problem formulations, even though the resulting AR formulations demand global 
solutions. Clearly the development and application of efficient global optimi- 
zation algorithms is still needed. A summary of the state of the art for global 
optimization in process synthesis is given by Floudas and Grossmann (1994). 
A related problem is the incorporation of uncertainty into the synthesis of reactor 
networks. Since reaction rate laws are often uncertain and the process needs to 
operate under a variety of conditions, it is important that the reactor network be 
flexible and robust to process changes and uncertain parameters. This problem 
has yet to be addressed for reactor network synthesis, even though systematic 
approaches have been developed for other process systems (see Grossmann and 
Straub, 199 1, for a comprehensive survey). For reactor networks, this problem 
is complicated by the nonlinear character of the process as well as the large 
problem size. 
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Finally, further extensions of reactor network targeting include the design of 
reactive separation processes. Spurred by industrial successes (Agreda et al., 
1990), the strong integration of reaction and separation processes can lead to 
significant improvements and savings in the design of new processes. Section 
VI presents a preliminary approach for identifying the potential for coupling 
these two processes, but detailed phenomena have not been included in this 
approach. Again. the nonlinearity and complexity of the reaction and phase 
equilibrium models make this problem very difficult. Nevertheless, as with the 
generation of ARs, geometric insights (e.g., by Barbosa and Doherty, 1988) 
should lead to simplification of the synthesis procedure as well as refinement of 
the optimization formulation. In addition to reactiodseparation systems, reactor 
network targeting can be applied to a number of design problems, particularly 
for the synthesis of waste-minimizing flowsheets. Here, the approaches de- 
scribed in this paper can be applied directly to these problems simply by con- 
sidering waste generation as part of the design objective. Lakshmanan and Bie- 
gler ( 1994) recently considered this problem and established trade-offs in reactor 
targeting between process profitability and waste generation. 

In conclusion. further development and application of reactor network tar- 
geting concepts will change the nature of current chemical process design and 
focus more attention on the integration of the reaction system and other process 
subsystems. This will lead to a better quantitative understanding of these systems 
and their trade-offs and ultimately will lead to processes that are more environ- 
mentally benign, more profitable, and less wasteful of raw materials, capital, 
and energy. 
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